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r-LIMITS OF FUNCTIONALS DETERMINED BY THEIR INFIMA 


OMAR ANZA HAFSA AND JEAN PHILIPPE MANDALLENA 
In memoriam Jean-Jacques Moreau 


Abstract. We study the integral representation of P-limits of p-coercive integral functionals 
of the calculus of variations in the spirit of Dal maso and Modica (1986). We use infima of 
local Dirichlet problems to characterize the limit integrands. Applications to homogenization 
and relaxation are given. 


1. Introduction 


Let m,d ^ 1 be two integers. Let H be a nonempty bounded open set with Lipschitz 

boundary. Let O (Q) be the class of all open subsets of hi. We consider a family of functionals 
T := {Fejggjo^i] with x 0(17) ^ [0,oo]. We set conditions in order that each 

functional of the family F can be considered as a p-coercive integral functional of the calculus 
of variations (see the “global” conditions (Ci) (C 2 ), (C 3 ) in Sect. [ 2 ]). We are interested in the 


integral representation of the r(L^)-limit of F. This is an important problem in the field of 
T-convergence theory (see for instance [DG79| b 

Our goal is to study the conditions of the integral representation of r(LP)-limit by using the 
infima of local Dirichlet problems associated to F as in |DMM 86 ^ IBFM981IBFLMO^ . More 
precisely, we consider the behavior of 

rUe [u] O) := inf jUg (u; O) ■. v e u + (0;M™') j 


in order to find the conditions for the integral representation (see also |DMM 8 hbl IDMM 86 cl 
IMod 86 ] ). We propose three “local” conditions (see |(Hi)[ |(H 2 )| and |(H 3 )| in Sect. [2]) related to 
the local behavior of me which allows to prove r(T^)-convergence of the family F {-',0) with 
integral representation of the r(L^)-limit Fq (•; O) 


Fo{u;0)= Lq{x,u{x) ,Vu{x)) dx 
JO 


where u e Mj- (O) (see Definition ()2.ip for Mj- (O)) and 

me [ux] Qp (x)) 


Lq (x, u {x) , Vu (x)) = lim lim 


with Ux (•) = u (x) -I- Vu (x) (• — x) . 


The main difficulty is to obtain an upper bound under integral form for the r(L^)-lim. More 
precisely, we show, in Sect. [3] together with Sect.Hl that the Vitali envelope (which is an envelope 
of Caratheodory type where the arbitrary coverings are replaced by Vitali coverings) V+ (rt; •) 
of the set function O (D) 9 V > lime^o {f V) when u e Mj- (O) satishes 


r(Ln - lim F, (u; O) ^ V+ (u; O) = f h 


A(Q) 


: X G Q G Qo (O), diam (Q) ^ p >dx. 


The Vitali envelope of a set function in connection with the integral representation of r(T^)- 
limits was introduced in |BFM98j (see also |BB00j ). This path has the advantage to avoid 
any approximations of Sobolev functions by regular ones. It allows, when we assume p-growth 
conditions, to give general results for r(L*’)-limit and in particular to give a general point of 
view in homogenization and relaxation problems for Borel measurable integrands L (x, x, (see 
Sect. [5|). 


Key words and phrases. F-convergence, integral representation, relaxation, homogenization. 
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Plan of the paper. Sect. [2] presents the main assumptions (“global and local” conditions) and 
the statement of the general results (see Theorem 12.11 and Theorem 12.2p . Theorem 12.21 is an 
integral representation result of r(TJ’)-limit, it is a consequence of local conditions ( |(Hi)[ |(H 2 )| 
and KHa)! ) and Theorem 12.11 In Sect. [3] we state and prove an integral representation for the 
Vitali envelope of arbitrary nonnegative set functions. In Sect. H] we give the proof of Theo¬ 
rem [2T] and some other related results. Finally in Sect. [5] we give a general r(T^)-convergence 
result in the p-growth case Theorem 15.11 which can be seen as an extension in a nonconvex 
(an vectorial) case of Theorem IV in [DMM 86 al p. 265]. In fact, we show how to verify the 
local conditions [(H^ and (Hsjj when we deal with p-growth, the technics we use are inspired 
by [BFM98j . In Subsect. 15.21 as an application of Theorem 15.11 we consider a general point of 
view of the homogenization of functional integral of the calculus of variations. In Subsect. 15.31 
we give an extension of the Acerbi-Fusco-Dacorogna relaxation theorem when the integrand is 
assumed Borel measurable only. 


2. Main results 

2.1. General framework. Fix a> 0 and p e]l, oo[. We denote by X (p, a) the set of functionals 
F : (fl; M™) x O (11) ^ [0, oo] satisfying: 

(Cl) for every O B O (fl) and every u e domF (•; O) we have 

F(u;0) ^ 

(C 2 ) for every u e domF (•; fl) the set function F (u; •) is the trace on O (fl) of a Borel mea¬ 
sure absolutely continuous with respect to the Lebesgue measure A on II; 

(C 3 ) for every O e 0(11) the functional T(-;0) is local, i.e., if u = v a.e. in O then 
F (u; O) = F (u; O) for all u,v e domF (•; O). 


Consider a family F := {Fejesjo,!] of functionals F^ : IT^’^(n;M"*) x 0(11) ^ [0, 00 ]. For 
each O e O (H) and each ub (H; M”^) we set 

F- (u; O) := inf | lim F^ (ug; O) : Ug —> n in LP (II; R™) | ; 

F+ (u; O) := inf jli™ Fe (^^e! O) : Ug ^ u in U’ (H; R”^)|. 

The functional F- (•; O) (resp. F+ (•; O)) is the rf TP)- lim^ .n (resp. r(L^)-limg^o) of the family 

F (•; O) = {Fg (•; 0)}g . If u e (H; R™) and F+ (tt; O) = F^ (u; O) then we say that F (•; O) 

r(Z/^)-converges at u to the r(Z/^)-limit Fq (u; O) := F+ (n; O) = F- (n; O). 

We associate to F = {Fejggjo,!] F {p, a) a family of local Dirichlet problems {uTgjggjoq], rUg : 
IT^’^ (H; R™) X 0(11) ^ [0,oo] defined by 

mg(u;0) := inf {Fg(i;;0) : IT^’P(II;R™) 3 v = u in II\0}. 

Note that we can write 

mg (u; O) = inf {Fg {v;0) :vBu + (O; R”^) } 

since u + (O; R”^) = {u e W^’P (H; R™) : v - u = 0 in II\0} (see |AH96[ p. 234, Theorem 

9.1.3]). 
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Remark 2.1. The functional i']0) can be seen as the “quotient functional” (sO) defined 
on the quotient space of by Wq'^ i.e., 

^(.;0) ; ^ [0, OO] 


with ([u]; O) := inf F^ (v; O) = (u; O) 

vg[u] 

where \u\ = u + Wq'^ (O; M”^) is the equivalent class of u. 

2.2. A general r(i^)- convergence theorem. We denote by A the Lebesgue measure on fl. 
For each O £ O (Q) we denote by SIa (O) the space of nonnegative finite Borel measures on O 
which are absolutely continuous with respect to the Lebesgue measure A[o on O. 

Let us introduce the M-sets associated to F: for each O e O (12) we set 

(2.1) Mj-(O) := |tt 6 (12; M™) : 6 21 a (O) sup (n; •) ^(•) on o|. 

• We assume that all the affine maps, i.e., functions of the form u{x) = v + Cx with 
(x,u,C) e 12 X M"* X belong to M^(0). 

We will see in Theorem 12.21 that the M-set is the set where an integral representation of the 
r(LP)-limit is possible. 


To the family F we associate m+ : W^’P (12; M"*) x O (12) —> [0, oo] dehned by 

m+ (tt; O) := lim rUg (u; O) . 


The following result provides bounds in integral forms of both TfL^l- lim, 
of a family F = <^I{p,a), i.e., satisfying ['(Ci)[ |(C 2 )| and [(Cs) 


^0 andr(LP)-lime^o 


Theorem 2.1. Let F = {Tgl^gjoq] ^I{p,a) and let (u,0) e (12; M"*) x 0(12). 

(i) If u s Mj- (O) then 

F+ (u; O) ^ F"^ (u; O) ^ f lim inf | — t : x g Q g Qo (O) , diam (Q) ^ pj dx 

JoP^o ( A (Q) J 

where 


F"^ (n; O) := inf | lim F^ (u^; O) : 


i.p 


(O; M”*) + u 3 ^ u in LP (12; ] 


(m) There exists {u^^jn (12; M”*) with sup„ (ug^; O) < oo such that Ue„ u in 

LP (12; M”^) as n ^ CO and 

F® (u; O) > F- (u; O) ^ { lim lim 

JoP-On^co / 

where 


F^{u;0) := inf |hmF<,(u£;0) : + u 3 ^ u in LP(12;] 


Remark 2.2. If u G (O) then there exists pu £ SIa (O) such that sup£>o [u] ■) ^ pu (•) on O. 
Therefore we have 


m+ (u; •) ^ pu (•) on O. 


Taking account of Theorem 12.11 (f) we deduce that F+ (u; O) <oo, which means that 

M^(0) c domF^(-;0) := |u g (12; M™) : F® (u; O) < oo j c domF+(•; O) . 
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To the family F = {Tgl^gjo,!] we associate m_ : x O (fi) ^ [0,oo] defined by 

m_ (n; O) := lim rrie {u] O) . 

Let O e O (O) and let u e (O; M™). We denote the affine tangent map of n at x 6 O by 

Ux (•) := u (x) + Vn (x) (• — x) . 

Consider the following local inequalities for u e Mj- (O): 


(Hi) 

(H2) 


m_(n^;Qp(x)) — m+('Ua;;Qp(x)) . 

iim- F- - ^ lim- T-^ - a.e. m (J: 


p^O 


p^O 


— Fe{ue]Qpix)) m-{ux]Qpix)) . 

lim lim - -T^ - ^ lim -- a.e. m (J 

p^O P p^O P 

such that Ug ^ u in {Q.; M”^) and sup^ (ug; O) < 00 ; 


for all {ue}e c 


(H3) Ito W) s lim a,e. inO. 


p^O p^o / 


Remark 2.3. We make some remarks on the previous inequalities. 


i) Condition (Hi), related to the integral representation of the r(L^)-limit of functionals 


of the calculus of variations, is already known when p-polynomial growth (and convexity 
conditions) is assumed see [MasOBl p. 451]. 

(ii) The condition [(H^ (resp. (H 3 )) can be seen as a “local” r(LP)- lim (resp. r(Z/^)-lim) 
inequality. To verify inequality (H 3 ) (resp. [(H 2 )] ) we need to replace u (resp. a sequence 
{ugle converging in LP to u and satisfying sup,, {u^; O) < 00 ) by the affine tangent 
map Ux in the localization of rUe on “small” cubes Qp(x). This can be performed, for 
instance, by using growth conditions see Sect. [5l 


The following lemma is used in the proof of Theorem 12.21 and its proof is given in Sect. 01 


Lemma 2.1. Let F = I {p,a). Let O B O {LI) and let u B Vljr {O). //(Hi),(H 2 ) 

awi |(H 3 )] hold then the function O a x > limp,^o ig measurable and satisfies 


— m+ {ux-.,Qp{x)) _ m_ {ux] Qp (x)) 




a.e. 


in O. 


p->0 p^o P 

Here is the general r(T^)-convergence theorem which shows that under the local inequali¬ 


ties (Hi), (H 2 ) and (H 3 ) the family F{-',0) r(T^’)-converges to an integral functional of the 
calculus of variations at every u e Mj- (O). In Sect. [5] we give applications to homogenization 
and relaxation of this result. When F^ = F^ we denote by F^ = F^ = F^ the common 
value. 


Theorem 2.2. Let F = {Fej^gjoq] c X (p, a). Let O e O (H) and let u e Mj- (O). // |(Hi)l |(H 2 )| 
and (H 3 )| hold then the family of functionals F (sO) T{LP)-converges at u to 

T- / r^\ -r-'S , f — m+ (Ua,; Qp (x)) 

Fq {u; O) = Fq (n; O) = hni-^ 

Jo 


( 2 . 2 ) 


-dx. 


Moreover, we have for almost all x e O 
(2.3) 


— m+ {uxiQp (x)) _ m- {ux] Qp (x)) 


p^O 


p^O 
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Proof. Let O e 0(0) and let u e M_7r(0). From Theorem 12.11 {ii) there exists {tte}e 
(0;R™) with sup^ (n^; O) <oo such that 


—> u in LP (O; M”^) as e —> 0 and 

(tt; O) ^ F- (u; O) ^ f lim lim dx 

JoP- 


♦Oe^O 


Using the local inequalities |(Hi)]|(H 2 )| and (H 3 ) Lemma f2.II together with Theorem 12.II we have 

F+ (tt; O) ^ F^ (u; O) ^ f lim inf | : x e Qe Qo (O), diam (Q) ^ p| dx 

Jop^o ( A(y) j 




I 


lim 

OP^O 


A(Q) 
m+ (u;Qp(x)) 


dx 


_ I Q,W) ^ 


I 


O P^o 




f “ 

JoP- 


lim hm r^ki^OpM^a; 


►Oe^O p' 

-T) 


d 


^ F. {u- O) ^ F^ {u- O). 

Thus (12.21) holds. The equality (|2.3I) is a consequence of Lemma ITT 


2.3. The relaxation case. We examine the particular case of a constant family with respect 
to the parameter F = {F^ = F}^ a X{p, a). We set for every (u, O) G W^^p (O; M”^) x O (0) 

Fq (u; O) := inf I lim F (n^; O) : W^’P (Q; M”") 3 ^ u in LP (Q; M"*) | ; 

F^ (u; O) := inf jlim F (n^; O) : (O; W^)+u3Ve^uin LP (O; M”")| ; 

m(u;0) :=inf|F(n;0) : n G u + (O; M”^) j . 

The following abstract relaxation result is a direct consequence of Theorem 12.21 
Proposition 2.1. Let O e O (0) and let u G Mj- (O). // |(Hi)[ |(H 2 )| and KHa)] hold then 

(2.4) Fo (u; 0)=J^ (u; O) = f lim flf^Fxf^pMldx. 

Jo P^O p<^ 

Remark 2.4. In particnlar (12. 4p holds for all u g domF(-;0) since it is easy to see that 
domF (•; O) 1 = Mj- (O). 

2.4. Remarks on the limit integrand. We assume that the assumptions of Theorem 
hold. We give descriptions of the limit integrand Lq by considering some particnlar cases. 

(i) If we define Lq : Ll x x —> [0, 00 ] by 

m+(n + ^(--a:);Qp (x)) 


(2.5) 


Lq {x,v,f,) := lini 

p^O 


and for each u e Mj- (O) 


T t f \ ^ t \\ — m+{u^]Qp{x)) 

(2.6) Lq (x, tt (x) , Vti (x)) := hm-- 

p->o 

then the formula (12.2p becomes 

Fo{u]0)= Lq{x,u{x) ,Vu{x)) dx. 

Jo 

Indeed, we have for every x e O 

Lq (x, U (x) , Vtt (x)) = Lq (x, U (x) , Vtt (x)) . 


(2.7) 
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In fact, we do not know whether the integrand Lq is Borel measurable. Because of 
the equality (EZD, the function O 3 x >—>■ Lq {x,u {x) ,'Vu (x)) is measurable for all 
ue M^(0). 

(a) Assume that {F^}^ = F is given under integral form, i.e., x O (fl) ^ 

[0, oo] is defined by 


{u]0) ■.= Li; {x,u {x) ,\/u {x)) dx 

Jo 


( 2 . 8 ) 


where : fl x R‘^ x 
Fo(x,v,^) = 


nmxd 


[0, oo] is Borel measurable for all e eJO, 1]. Then 


lini liniinf (y,v+^ (y - x) + (p (y) ,^ + Vif (y))dy : e Wg(Qp 

P^Oe^O 


If, moreover, we assume that does not depend of the variable v, i.e., : Qx ^ 

[0, oo] then (12.7p becomes 

Lq (x, Vu (x)) = Lq (x, Vu (x)) 

for all X G O and all u e Mj- (O). Since the affine functions belong to Mj- (O) we deduce 
that for every x e O and every ^ G 

Fo (x,0 = Lq{x,^). 

(in) Now, we consider the case where {F^ = F}^ = F is constant with respect to e and 
F : W^’P (II; M"*) x O (H) ^ [0, oo] is defined by 


F 


{u;0):= L{x,u{x) ,Vu{x)) dx 
Jo 


where L : II x x ^ [0, oo] is Borel measurable. If we define for every (x, v, G 

H X X 


(2.9) Lo(x,x,^) = 


liniinf ^ f L{y,v + ^ {y - x) + ip (y) ,C + Vy:> {y))dy : if G ITo(Qp (x) ; M”*) > . 

then for every u G Mj- (O) and every x e O 

Lq (x, U (x) , Vtt (x)) = Lq (x, U (x) , Vtt (x)) . 

We will show in Proposition 15.11 that when L is Caratheodory with p-growth and p- 
coercivity we recover the classical quasiconvex envelope |Dac08[ Theorem 9.8, p. 432]. 


3. Integral representation of Vital: envelope and derivation of set functions 

3.1. Integral representation of Vitali envelope of set functions. For a given open set 
O c n we denote by Qo (O) the set of all open cube of O. We denote by Qc (O) the set of all 
closed cube of O. 

Let G : Qo (H) — oo, oo] be a set function. We define the Vitali envelope of G with respect 

to A 

0{Q)bO^Vg (O) := sup inf i ^ G (Q.) : {Q,} G (O) i 


£>0 


I iel 
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where for any e > 0 


(O) := |{Qi}jgj ^ Qc(f^) : I is countable, A u^Q* ) = 0, Qj ^ O 


diam (Qj) e]0, e[ and Qj n Q • = 0 for all ^=1=0- 


Remark 3.1. If G is the trace on Qo (11) of a positive Borel measure on H which is absolutely 
continuous with respect to A then Vq (O) = v (O) for all O e O (11). 


Let G : Qo (H) — oo, oo] be a set function. Dehne the upper and the lower derivatives at 

X e H of G with respect to A as follows 

G'(Q) 


I^\G (x) := lim inf 

p^O 

D\G{x) := lim sup 

p^O 


A(Q) 

g(Q) 

A(Q) 


: a: e Q e Qo (1^), diam (Q) ^ p| ; 

: a; G Q e Qo (Q) , diam (Q) ^ p i . 


We say that G is A-differentiable in O if for A-almost all x g O it holds 

—a:)<D^G{x) = DxG (x) kco. 

Remark 3.2. For every O g 0(11) and every x g O we have 

G(Q) 


D.xG{x) := lim inf 

p^O 

DxG{x) := lim sup 

p^O 


A(Q) 

G(Q) 

A(Q) 


: X G Q G Qo (O) , diam (Q) ^ p| ; 

: a: G Q G Qo (O) , diam (Q) ^ p i . 


The proof of the following classical result can be found in Appendix. 

Lemma 3.1. The functions ^x^ i') CLndDxG{-) are X-measurable. 

Remark 3.3. When G = is a Borel hnite measure absolutely continuous with respect to A 
then n is A-differentiable in O and 

Dxnix) = lim’^^^4^ a.e. in O. 

^ ^ p^O pd- 

The following result establishes an integral representation for the Vitali envelope of nonneg¬ 
ative set functions. 


Proposition 3.1. Let H : Qo (Q) —> [0,oo] be a set function. For every O e 0(11) we have 

Vh (O) = f DxH (y) dy. 

JO 

The following lemma was inspired by reading |Bon82j . 


Lemma 3.2. Let G : Qo (Q) — oo, co] be a set function and O e O (11). 

(o) If I^\G{x) ^ 0 X-a.e. in O then Vq (O) ^ 0. 

(b) If HxG {x) ^ 0 X-a.e. in O then Vq (O) ^ 0. 

(c) If HxG {x) = 0 X-a.e. in O then Vg (O) = 0. 


Proof. The assertion (c) 


IS a 


consequence of (a) and 



Proof of (a) 


It is enough to show that for every e > 0 if 


(3.1) 


I2xG{x)<s A-a.e. in O 
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Fix e>0. Let N O with A (A^) = 0 be such that 0\N = (•)<£]. Using Lemma [6TT] (i) 

with h = rj = e and = 0\N, there exists a countable pairwise disjointed family {Qi}iei c 
Qo (O) such that 


(3.2) A \ QiJ =0, Mi e I G(Qj)<eA(Qi) and diam(Qj)<e. 

From (13.2p we have A (0\ujg/ Qj) = 0 since A (iV) = 0. Consequently, we have Xiis/ (Qi) = 
Sis/ (QO = (O). Summing over i e I the hrst inequality (13.2p we obtain 

inf I 2 G (QO : {Qj e V, (O) I <^2 ^ (QO = (G) • 

(is/ J iel 

Proof of \{b)\ Let {enjnsN ‘^]0,1[ be such that lim^^oo^n = 0. Let n e N. There exists 
{Qf}iein e (O) such that 


(3.3) 

Fix a; e O be such that 


inf I 2 G (QO : {QO 6 (O) I + i ^ 2 

I iel ) iein 


G(Qr) 

A(Qr) 


A (Qf). 


D)^G{x) ^ 0 and M | 0 \ u Qf j . 

V J 


neN 

There exists i” 6 such that x e Q^n ■ From (13.3p it follows that 

G(Q0 : {Q*}e (C) ^ 

Ael 


(3.4) 


inf^2G(Q0:{Q*}eV,„ (O) 

iel 

g(q? 


n 


> 


A(qs 


A 


(qj 


> inf 


G(Q) 

A(Q) 


: X e Q e Qo (O), diam(Q) ^ e„| A • 


Passing to the limit n —> oo in ()3.4I) we obtain 

(O) ^ D^G (x) hm A (qo) ^ 0. 

The proof is complete. ■ 

Corollary 3.1. If G = H — v where H : Qo (Q) — oo, oo] is a set function, v is a finite Borel 

measure on O e O (Q) absolutely continuous with respect to A{o: if 

D\G{x) = 0 X-a.e. in O 


then 


VH{0) = n{0). 

Proof. Use Lemma EH and remark that Vg (O) = Vh (O) — n (O). ■ 









Proof of Proposition 13.ll Assume that ^\H e (O), i.e., 

RxH (y) dy < oo. 

Jo 

Define G : Qo (O) ^] — oo, oo] by 

G(Q) ■.= H{q)- f DxH{y)dy. 

JQ 

If we show that D^G = 0 a.e. in O then by Corollary 13.II we can conclude that 

(O) = V (O) with := J2\ff (•) A^o- 

Fix X 6 O such that 

(3.5) (x) = lim / J2a^ (d) dy < oo; 

P^^jQpix) 

(3.6) I2.\^ (x) = ■ 


We set ^x,p := {Q : X e Q e Qo (O) and diam (Q) ^ p} for all p>0. On one hand, we have for 
every p>0 and every Q e ^x,p 

Taking the infimum over every Q e ‘iSx p we obtain 

^ I ^(Q) • ^ ^ ^x,p^ - inf {y)dy : Q 6 . 

Letting p —>■ 0 and using (I3.5h and (|3.6p , we have 

(3.7) DxG (x) ^ DxH (x) - D^H (x) = 0. 

On the other hand, we have for every p>0 and every Q e ^x,p 

Taking the infimum over every Q e “^x^p we obtain 

Letting p —> 0 and using (13.5p and ()3.6p , we have 

(3.8) DxG{x)^DxH{x)-DxH{x) = 0. 

Taking account of ()3.7p and ()3.8p . we finally obtain that D.\G{x) = 0. 


Now, we do not assume that D.\H £ (O), in this case the following inequality is always 

true 


Vh (O) ^ f DxH (y) dy. 

Jo 














It remains to prove the opposite inequality. For every re e N we set Hn : Qo (H) —> [ 0 , oo[ defined 
by 

r H{q) 

HniQ) := \ 

[ reA (Q) if H (Q) > reA (Q). 

It is easy to see that 

(3.9) yqeQoin) Ho{q)^Hi{q)^---^Hn{q)^---^snvHn{q)^H{q)- 

nsN 

Vre e N D.\Hn ^ re. 

So {^x^n}neN {O), we apply the first part of the proof to have 

Vre 6 N Vh„ (O) = f D^Hn (y) dy ^ Vh (O) . 

Jo 

Using ()3.9I) and monotone convergence theorem we have 

(3.10) sup Vh„ (O) = f sup^;,FI„ (y) dy ^ Vh (O) . 

nsN Jo nsN 


Fix re e N and x e [12\H ^ re]. Then for 
(3.11) 


every p>0 we have 

. . ^(Q) ^ 

mf , ^ re. 


For each 
Then 


Qe'Bx.p A(Q) 

re 6 N and each p>0 we set An := {Q e ^x,p ■ H (Q) ^ reA (Q)} and 

D^Hn (x) = sup inf 

p>0 Qs23a:,p A (Q) 


Bn •— ^x,p\An- 


= sup 

p>0 


. f . , Hn{q) . , Hn{q)] 
mm] mf , , mf , } 

(QsA„ A(Q) QeBr, A(Q) J 

■ j ■ r H{q) 1 

mm < ini . ,n > 


= sup min < inf 


O Ll^ llllli A 1111 //~\\ ? ‘ 

p>0 (Qs^rt A (Q) 

> • J ■ f 1 

^ sup mm < mf , re 1 


Using (13.111) we find 

D^Hn (x) > sup inf = DxH (x) . 

p>0 Q^^a;,p A(C^) 

It follows that sup„gj^^;^Fln (x) = D.\H (x) for all x e O and thus (I3.10p becomes 


The proof is complete. 


DxH{y)dy^VH{0). 

o 


4. Proof of main results 

4.1. Proof of Lemma 12.11 Fix O e O (fl) and u e Mj- (O). By Theorem 12. ll|(iz)| there exists 
{'^Enlen with sup„ {FeV f^) <00 such that u in (U; M"*) as re ^ oo and 

Bsn {UeV Qp (^)) 


00 > (re; O) ^ (re; O) ^ | lim lim 

Jq p->0n^oo 


-dx. 


since Remark 12.21 It follows that for almost all x e O 

(4.1) 


lim ?<’ S lim lim 0.(«..;Q,W) 


p^O 


pu 


p—^0 n—>co 
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Using the local inequalities (Hi) (H 2 ) (H 3 ), (|4.ip and Theorem 12.11 (i) we have for almost all 
X e O 

— ■F+(n;Qp(x)) ^ _ j;® (u; Qp (x)) 




^ Dxm+ {u; •) (x) 

^ lini 

^ — m+ (ux;Qp (a;)) 
^ P^o 

< lim (^^;Qp(^)) 


-^£n (^En i Qp (^)) 


^ lim lim 
p—>0 n —>00 

< lim -^-(^;Qp(^)) 

From the last inequality (|4.2p we have the following inequalities 


(4.2) 


lim 

p^O 


lim 

p^O 


lim 

p^O 


lim 

p^O 



(it, Qp 

(x)) 


pd 



[u] Qp 

(x)) 


pd 



[u] Qp 

(x)) 


pd 



(rt; Qp 

(x)) 


^ lim ■ 

p^O 

and 
^ lim ■ 

p^O 

and 
^ lim ■ 

p^O 

and 
^ lim ■ 

p^O 


^ lim 

p^O 


F+ (u;Qp (x)) 


^ lim ■ 

p^O 


^ lim ■ 

p^O 


^ lim ■ 

p->0 


— ^ [u-^p ( 2 ;)) 


^ lim 

p^O 


P 


for all X e O. It follows that for almost all x e O 

7'_(u;Qp(x)) F+ (n;Qp (x)) 


lim 

p^O 


pa 


= lim 

p^O 




= lim 

p^O 


_ (u;Qp(x)) _ J?(n;Qp(x)) 


= lim 

p^O 


m+ (n;Qp (x)) 


= D_xm+ (tt; •) (x) = lim 

p->0 

— m+(ti^; Qp (x)) m-{ux]Qlp{x)) 

= hm-- = hm --. 

P^O p_Q / 

So, the proof is complete since O 3 x ^ D.\fn+ {u; •) (x) is measurable by Lemma [3Tl 
4.2. Proof of Theorem 12.11 


Proof of Theorem, \2. 1\ (ii) Let {u, O) e (H;M™) x O (H) be such that T- (tt; O) < 00 . There 
exists a sequence {us„}n (H;M”*) such that 

(4.3) Ue^ um LP (H;R™) , lim («£„; O) = -F_ (u; O) and supUg^ (ue^; O) < 00 . 
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By |(C 2 )[ for each e> 0 we consider the Borel measure whose the trace on O (O) is •). 

From the last inequality of (|4.3p we can rewrite that the sequence of Borel measures {fin ■= Lo}„ 
satisfies supnfin (O) < oo. So, there exists a Borel measure fi on O such that (up to a subse¬ 
quence) fin ^ fi- By Lebesgue decomposition theorem, we have fi = fia + fis where fia and fig 
are nonnegative Borel measures such that fia « A[o and fig -L A[o, and from Radon-Nikodym 
theorem we deduce that there exists f ^ given by 


/ (,,) . li„, = li.„ a.e. i„ o 

p^O p->0 pd- 

with Qp (x) := X + pY, such that 

Pa (^) = / (x) dx for all measurable sets A<^ O. 

Ja 

By Alexandrov theorem we see that 


F- {u; O) = lirri ; O) 


and 


lim pn (O) ^ p{0) = Pa (O) -f pg (O) > Pa [O] = r / (x) dx, 

n^co Jq 


\ ]• I- t^niQ,pix)) -Fg (tie ;Qp(x)) . 

j (xj = hm hm -^- = hm hm -^— - a.e. m U. 

p —>0 n—>00 p —>0 n—>00 


Proof of Theorem hi. j|[(I)| For each u e (fi; M”^) we denote by V+ [u] •) : O (fi) ^ [0, oo] 


the Vital! envelope of m+ 


i.e., 


V+(u;0) :=Kn^K.) (O). 

The proof consists to show that for every O e O (fi) and every u e Mj- (O) the following 
inequality holds 

(4.4) J-®(u;0) ^ V+(u;0). 

Indeed, using Proposition 13.II we obtain 

F+ (rt; O) ^ (rt; O) ^ V+ (u; O) = f D_xm+ (u; •) (x) dx. 

Jo 

Let us prove (j4.4l) now. Fix O e O (fl) and u e (O). Note that by Remarks 13.II we have for 
some pu £ SIa (O) 

(4.5) V+(n;0) ^M«(0)<(». 


Fix e e]0,1[. Choose £ Yg (O) such that 

(4.6) Yi (f QO ^ Vf (u; O) -h I ^ 14 (u; O) + |. 

iGl 

Fix 6 g]0, 1[. Given any z e /, by definition of ms (rt; Qi), there exists Vi e u + (Qi;M"*) 

such that 

(4.7) Fs {vp QO ^ ms (n; QO + ^• 

Define us^g e u + (O; M”*) by 

Qi- 

iel isl 
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Using |(C 2 )| and |(C 3 )| we have from (14.7p 

Fs {us,e; O) = '^Fs {vi; Qi) + Fs fu; 0\ .u Q* j 

iel ' ' 

= Y,F,{vvM^) 


iGl 


^ ^ (■u;Qi) + 


i£l 


Since u e Mj- (O) there exists fiu £ SIa (O) such that sup^gjo^i] 'ms {u; U) ^ (U) for all open 
set U O. For every 77 > 0 there exists a finite set Irj I such that (0\ Qi) ^ Tj- It 
follows that Xiis/\/^ (^> QQ ^ h- Hence, for any 77 > 0 

lim V ms (u; QQ ^ lim V ms {u; QQ + lim V ms {u; QQ 

Q —A—A— 


(4.8) 


iel 


5^0 


IGlrj 


S^O 


iel\In 


^ ^ 777+ (u;Qi) + 77. 


2 G/ 


Therefore collecting (|4.6p . (14.8p . and passing to the limit e ^ 0, we have 


(4.9) 


lim lim Fs {usy, O) ^ V+ {u; O). 
£^0 


< 00 . 


From the p-coercivity (Ci), (14.91) and (14.5F we deduce 

(4.10) lim lim ( \S/use\^dx 

e^o <5^0 Jq 

By Poincare inequality there exists K > 0 depending only on p and d such that for each Vi e 

u + Wo^’P(Qi;R^) 

r \vi — u\^dx ^ Ke^ r iVuj — Vu\^dx 
since diam (Qj) <e. Summing over i e I we obtain 

J \us,s-u\Pdx ^2P-^KeP \Vus,s\^dx + ^ \Vu\Pdx^ 

which shows, by using (I4.10p . that 

(4.11) lim lim ( \uss — u\Pdx = 0. 

e^OS^OJo^ 


A simultaneous diagonalization of (14.91) and p4.1ip gives a sequence {us := 'W 5 ,e( 5)}5 u 
W^'P (O; M™) such that ^ u in LP (U; M”^) and 

F^ (u; O) ^ lim F5 (775; O) ^ V+ {u; O) 


s^o 

by the definition of (u; O). The proof is complete. ■ 

5. Applications 

5.1. General r(T^) -convergence result in the p-growth case. For each e eJO, 1] we con¬ 
sider a family of functionals F := {Tej^gjoq], F^ : VF^’P (11; M”^) x O (H) ^ [0,oo]. 

Consider the following condition: 

(Pi) there exist (5 > 0 and p a nonnegative hnite Borel measure on 11 absolutely contin¬ 
uous with respect to the Lebesgue measure such that for every (U, u,e) e O (H) x 
VFbP(f 7 ;Mm) x] 0 , 1 ] we have 


me (tt; V) 

|H| 


^ /3 ^“ 1 ^^ + j' M^dx -1 j- \Vu\Pdx^ 
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The following result can be seen as a nonconvex extension of Theorem IV of |DMM8(^ p. 
265]. Indeed, if for each e>0 we set : IT^’P(n;M™') x O (fl) ^ [0, oo] defined by 

F^{u]0):= L^{x,u{x) ,\/u{x)) dx 

Jo 

where : Q x R‘^ x —> [0, oo[ is a Borel measurable function with p-growth and p- 

coercivity, i.e., 

(5.1) 3a>0 3,d>0 3aeL^(fi) V (x,v,^) e Q x x Ve>0 


a\^\P ^ Le {x, u, 0 ^ /3 (a (x) + \v\p + |^|p) 


then (Pi) holds with u = a{-) X and F = c I{p,a). 

Theorem 5.1. Assume that T ^ T{p,a). Let u e IT^’P(fI;M™) and O e 0{n). // |(Hi)| 
and I (Pj)] hold then the family T (•; O) VilP^-converges at u to 

Fo{u,0):= L(){x,u{x) ,Vu{x)) dx 

Jo 

where Lq{-,u{-) ,'Vu{-)) is given by (|2.6p . 


Proof. Since (Pi) we see that 


M^(0) = 


Fix u e (II; M™'). Following Theorem 12.21 it is enough to show that [(H^ and [(H^ hold. 
We begin by showing [(H^ Fix x e O such that 


(5.2) 

lim-r nP'di/= n(x) P’<oo; 

(5.3) 

lim'/■ VnP’dy = Vn(x) ^^<00 

(5.4) 

lim-f kta; — uFdv = 0; 

(5.5) 

r^O r<^ ^ ^ 


Fix e>0, s e]0,1[ and /9>0. Let (j) e VFq^’* (Qp (x); [0,1]) be a cut-off function between (x) 
and Qp (x) (i.e., ^ = 1 on Q^p (x) and </> = 0 on 0\Qsp (x)) such that 

4 


Let e Ux + Wq’^ (Qsp (^c) ; M”^) be such that 

(5.6) Fe {Ve] Qsp (x)) ^ e {sp)'^ + me {Ux\ Qsp (x)) . 

Set w := (pVe + {1 — 4>) u, we have w e u + (Qp (x) ; R^) and 

f Vue in Qsp (x) 


Vw : = 


[ (pVu (x) + {1 — 4>) Vn -I- V(() 0 {ux — u) in Sp (x) 
where Sp (x) := Qp (x) \Qsp (x). We have 

ms (n; Qp (x)) = [w] Qp (x)) 

^ ms {w] Qsp (x)) -t ms {w, T,p (x)) 

^ Fe [Ve] Qsp (x)) + ms (w; Sp (x)) 

^ e (spf + ms (ux; Qsp (x)) + ms (w; Sp (x)) 
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since Lemma 16.21 and (j5.6l) . It follows that 
(5.7) 


me(u;Qp(x)) ^ d'^T-e {Ux'Msp (x)) , me{w,j:p{x)) 

d ^es + s d + d 

P [sp) P 


We claim that |(H 3 )| is proved if 
(5,8) 


ii5;isis!^W(i7£M)=o. 


s—>lp^0e^0 p°‘ 

Indeed, passing to the limits e ^ 0, p —> 0, s ^ 1 in ()5.7p we have 


(5.9) 


lim 

p^O 


m+ (n;Qp (x)) m+ {ux]Glsp (a^)) 


> 1 - p^o {spY 

11 • 

P^o 


< Ihn (“a:;Qp(a;)) 


So, it remains to prove (15.8p . Using (Pi) we have for some C>0 dependent on p only 
rUe (w] Sp (x)) 


^ /3 [ ^ (^)) J_ r |(/)Vri(x) + (1 - (/)) Vtt + V(?!)0 (ua; - tt)|^ 

V r JSp(x) 




+ ^r + (1 - (/)) u|^dy 

P Jsp(x) 

+|Vn(x)|P+/ |Vu|Pdy-s'^/ iVnl^dy) 
^ Jq,p(x) JQspix) J 


C/3 


4P 


(1 - s)^ 


- f lux — uFdv-- —Til'/' \ux — uYdy 

P^ jQpix) ' " ' ' ispf 7q.,(.) ' " ' % 


\ux~u\^dy -'f \ux-uYdy 
\P^ Jcip{x) i^P) JQapix) y 


C/3(/ |u|P-s'^/ 

\JQp(x) Jq 


\ui 


^sp{x) 


Taking (15.2p , ()5.3p , ()5.4p and (15.5p into account and passing to the limits e —> 0 then p —>■ 0 we 
obtain 

me iw;T,p (x)) 


lim lim Lll-i— ’ , ^ ^ C(3 — s'^'j {Dxv (x) + \u (x) Y + I Vu (x) |^) 


r.d 


p—>0 £^0 p' 

Letting s ^ 1 we obtain (15.8p 


Let us prove [(H^ now. Consider a sequence {ipe}e ^ (fl; M™) such that ^ 0 in 
LP (fl; M™) as e ^ 0 and satisfying sup^^g {u + U) <oo. Set pe (•) := Pe {u + Pe]') for any 
e > 0. There exists a subsequence (not relabeled) and a nonnegative Radon measure such 
that 


(5.10) pe Po- 

Fix e> 0, s e]l, 2[ and p> 0. Fix x e O such that (|5.2p . (15.3p . (15.41) and (15.51) hold and 

(5.11) 


n f \ V Po{Qr{x)) 

DxPo (x) := hm- 5 -< 00 . 
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Let 4> £ (Qsp (x) ; [0,1]) be a cut-off function between (x) and Qsp {x) such that 

4 

I|V(/>1 Iloo(q,^(^)) ^ 

Let Ve e {u + + VLq^’^ (Qp (x) ; M”*) be such that 

(5.12) Fe [Ve] Qp (x)) ^ e/ + 'me{u + LPe] Qp (x)) . 

Set w := (pVe + {1 — (p) Ux, we have w e Ux + (Qsp {x) ; M”^) and 

r Vue in Qp (x) 

Vw := < 

[ 4> (Vu -I- 'S/(pe) + (! — </’) Vu (x) -I- Vp ® {u + (fs — Ux) in Sp (x) 


where Sp (x) := Qgp (x) \Q„ (x). We have 


(5.13) 


dme{Ux-,(Psp{x)) _ dme{w](p,sp{x)) 


{spy 


= s 






{sp)'' 

msiw^^ix)) TOe(u;;Sp(x)) 

pd pd 

FeivelQpix)) me{w;T.p{x)) 




pa pa 

rUe {u -t ife] Qp (x)) mg(-»;;Lp (x)) 

pd pd 

Fe{u + ipe'Mpix)) TO£(u;;Sp(x)) 


since 


Lemma 16.21 and (j5.12p . We claim that |(H 2 )| is proved if 


(5.14) 


_o, 

s—►Ip—>0e^0 p“ 


Indeed, passing to the limits e ^ 0, p —> 0, s ^ 1 in ()5.13l) we have 


(5.15) 


Fe {u + (pe;Qp(x)) 


lim lim — ^ V — - ^ lim lim- F — 


m {ux] Qsp (x)) 


P^Oe^O 




s^lp^O (^sp) 

m {ux-,Q,p (x)) 


^ lim 

p^O 
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So, it remains to prove (15.141) . Using (Pi) we have for some C>Q dependent on p only 

me{w;T,p (x)) 


(5.16) 


^ I \4>{u + Pe) + (1 - 0 ) dy 

P hp{x) 


+ (7/3 ( ^ r \S/u + VipeY’+ ^ [ \V(l)lS){u +ipe-Ux)\ 
\P JSp(a;) P JEp(x) 


'dy 


2 _2_ 


a p'- 


Fe{u + Pe;'^p (x)) 


^ (7/3 l) \^u{x) I 

oSp-l / 1 /■ 

+ c/ 3 --^ f 

(s - i)p (sp)p 

+ C'/3-^—/ \ipefdy-^-f \pef dy 
{s - ly y {spf pp 


\ux -u\^dy - 

(F Jr 


Qpix) 


Ux — u\^ dy 



gd+p r \ 

\ux-u\Pdy-- — \ux-u\Pdy\ 
i^P) JQsp{x) j 


P — pd. 


i 


Qsp(3i) 


i^r 


4 \ 

P JSp(a;) 


' dy. 


Using ()5.10p and Alexandrov theorem we have 


i‘7o p’"’ - i's, 




e^O p°‘ 
Po (Sp (x)) 


^ s 


d PO {Qspjx)) _ Po (Qp(x)) 

{spy / 


Letting p —> 0 we deduce by using (j5.11l) 

(5.17) ^ ~ ■ 

Taking (15.2p . (15.3p . p5.4p . p5.5p and (I5.17p into account and passing to the limits e ^ 0 then 
p ^ 0 in p5.16p we obtain 

lirn lirn ^ Cj3 — 1^ {Dxv (x) + \u (x) + | Vu (x) J’ + DxPo (x)) 

since ^ 0 in L'p (11;M™') as e ^ 0. Passing to the limit s —> 1 we finally proved (I5.14p . ■ 


As an illustration of Theorem 15.11 we give two elementary examples. 

Example 5.1 (Integrands “almost” nondecreasing). For each s>0 we consider ^ 

[0,oo[ a Borel measurable function such that 

(P 2 ) 37^0 3d>0 Ve>0 Vr/e]0,e[ V (x, u, ^) e 0 x x 

Le {0^Lp{f)+ye-7/. 
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Note that if 'j = 0 then e ^ (•) is nondecreasing when e is decreasing. 

We define F, : LP {Q; M"^) x O ^ [0, oo] by 

Fe{u]0):= r LsiVu{x))dx. 

Jo 

Then it is easy to see that (Hi)| holds. If we assume dsn) then |(Pi)| holds. 

Example 5.2 (Constant integrands with perturbation). Let hC : 17 x x ^ [0,oo[ he 

a Borel measurable integrand satisfying p-growth and p-coereivity (I5.ip and | (Hi)] Let c 

L^ (17;M'*') sueh that 

(i) there exists g ^ L^ (17) such that <1>£ (x) ^ g{x) for all x e LI and all s>0; 

(ii) there exists a nonnegative Borel measure such that 
(5.18) (•) A $0 as e 0. 

For each e>0 we set H x x ^ [0,oo[ defined by 

Le {x, = W (x, n, i) + {x) ■ 

Then for each 0^0 (H) the family F (•; O) T{LP)-converges to 

Fo{u;0) = I Wo{x,u{x) ,Vu{x)) + Dx^o{x) dx. 

Jo 

Indeed, we have that \{Vi^ holds because of the p-growth ofW and {i) Now, we have for almost 
all x e LI 

lim lim f $£ {y) dy = Dx^o (x) 

since ()5.18l) . We can see that for every x e 17, every e > 0, every p>0 and every u e W^'P (17; M”^) 
inf i / W {y, w (y) , Vw (y)) dy : w e + W^'^ {% (x) ; M"*) i 

I J 

(y) dy. 

QpH) 

It means that (J^) holds and Theorem \5.I\ applies with 

Lq (x, u (x) , Vn (x)) = Wo (x, u (x) , Vn (x)) + Dx^o (x) . 

We give a concrete example. Assume that LI = Bi (0) c the euclidean open ball with center 
0 and radius 1. Let y : H —> [0, oo] be defined by 


if X e 17\{0} 


y(x):=^ 

00 ij X = 0. 

where || • || is the euclidean norm. Then g ^ L^ (Ll). For each £>0 we set for every x e 17 

(x) ■■= -^^BeiO) (x) + h (x) 

where h e L^ (17) and satisfies h (x) ^ \g (x) for all x e LI. Then (i) and (ii) hold with 

$£ (•) X ^ ^0 ■= do + hX as e —>■ 0 
where do 'Is the dirac measure at 0. It follows that 

Dx^oix) = h{x) a.e. in II. 
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5.2. Homogenization. Let L : x ^ [0,oo[ be a Borel measurable function which is 

p-coercive, i.e., there exists q;>0 such that 

for all (x,^) e 12 X For each e>0 we consider x 0(12) —> [0,oo] given 

by 

F^{u‘,0):=^ L jVu (x)^ dx. 

The family F = {F^}^ cz I{p,a). For each ^ e we define : 0(12) ^ [0, oo] a set 

function by 

(O) := inf |£ L (y, C + S/p (y)) dy : p e (O; R™) | . 

Definition 5.1. We say that L is an H-integrand (H stands for “homogenizahle”) if 


(jf') v.e e 


irrrtxd 


<S|'(tQp(x)) S^ftQpix)) 

lim iim 


= lim lim 


p^ot^co A(tQp(x)) p^ot^oo A(tQp(x)) 

In this case we denote the common value by Lhom(3;)0- 


a.e. in 12. 


We see that (J^) implies (Hi) indeed, for every u e Mj- (O) we have 

^Vujx) (gQp (^)) _ ms (uxS Qp (a:)) 

aQQp(x)) 7 ■ 

for all £>0 and all x 6 O. So, we can deduce from Theorem ED the following result. 

Theorem 5.2. If (Pi)\ holds and L is an H-integrand, i.e., {J^) holds. Then for each O e O (12) 
the family F (•; O) T{U’)-converges at every u e (12; R”*) to 

Fq{u, 0)= LY,ora{x,Vu{x))dx 
JO 

where 

_ Sf (tQp (x)) 

Lhom (x,0 = To(x,^) = lirri lim ^ . 

p^Ot^ao A{t(dp{xjj 

for allxeO and^eWF^^. 

Theorem 15.21 becomes a “classical” homogenization result when Thom does not depend on x. 
For instance, when L is 1-periodic or almost periodic with respect to the first variable then by 
subadditive theorems [LMn2[ Theorem 2.1 and Theorem 3.1] the condition (^) holds, i.e., L 
is an H-integrand, and we have 

{nY) 

(5.19) Thom (0 = 1 — (periodic case) 


(5.20) 


^hom (0 = lim 


n“ 

iriY) 


(ahnost-periodic case). 


Example 5.3 (Periodic integrand with perturbation). Consider VF : M" x 
a Borel measurable function 1-periodic with respect to the first variable, i.e., 

VxgR'^ VzeZ'^ W {x + z,C) = W (x,^) , 

and satisfying p-growth and p-coercivity, i.e, there exist a, j3>11 such that 

V(x,0eM'^xM™^'^ a|er^bF(x,e) ^/3(l + |Cr). 

Let G (R'^;R+) such that 


[0,oo[ be 
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(i) there exists g e such that ^ g [x) for all x e Q and all e> 0; 

(ii) there exists a nonnegative Borel measure $o such that 
(5.21) 

Let L : X ^ [0, oo[ be defined by 


^ \ / ^ o,s s 


0 . 


L{x,C) = (x, e) + ^> (x). 

Note that L is not periodic with respect to the first variable, because of the “perturbation” 

We consider the family T = {F^}^ cz X {p, a) given by 

F^{u;0):=^ L^—,Vu{x)^dx 

for all {u,0) e x 0(0). ThenF{-,0) T{LP)-converges to 

Fo{u-,0)= r Whomi'^u{x)) + Dx<^oix)dx 
JO 

for all u e W^'P (0;^™) x O (O), and where Whom (C) is given by the formula ()5.19p with in 


place of . Indeed, (Pi) holds because of the p-growth ofW and (i) Now, we have for almost 
all x B LI 


lim lim -r ^ dy = Dx^q (x) 
p—^0s—^0l(-)_/„\ V £■ / 


since (|5.2ip . Using [LMn2[ Theorem 2.1] we have for every ^ e 

_ Sf {tQp (x)) Sf {tQp (x)) 

Whom (0 + Dx^o (x) = lim lim ^ = lim lim ^ a.e. in O, 

p^ot^co A(tQp(x)) p^ot^oo A(tQp(x)) 

since we can see that for every x e LI, every t>0 and every p>0 

{tQp (x)) 

= llii ■ 

hQp(x) 

^ {y) dy 


X{tQp (x)) 


/ W{y,i + Vp{y))dy.^B Wq^’^’ {tQp (x) ;M™) 

JtQ^n(x) 


/ 


tQp{x) 


It means that L is an H-integrand and Theorem \5.^ apply with 

Fhom {x,f,) — IPhom (0 T {x) ■ 

Remark 5.1. An interesting problem in the field of deterministic homogenization (see |NNW10] 1 
is the characterization of all H-integrands L : x —> [0, oo[ Borel measurable with p- 

growth and p-coercivity, i.e., satisfying 

3a>0 3/3>0 V(x,C) e X 


a\^\P^L{x,0^fi{l + m- 

5.3. Relaxation. The following result is an extension of Acerbi-Fusco-Dacorogna relaxation 
theorem (see [DacOSL Theorem 9.8, p. 432] and [AF84L Statement III.7, p. 144]) in the case 
where the integrand is assumed Borel measurable only. 


Theorem 5.3. If L : Llx 

then for every O e O (0) 




Fn 


[0,oo[ is Borel measurable and 5afe/ie5 [(Hi)| and (15.ip 

{u;0)= Lq{x,u{x) ,Vu{x)) dx 
JO 
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where for a. a. x e O 

Lq (x, u (x) , Vu (x)) 

= lim inf i / L (y, w (y) ,Vw (y)) dy : w e + VFq(Q p (x) ; M™) 

[Jq^(x) 

Moreover, if L is Caratheodory, i.e., 

(i) for each (x,^) £ M"* x the funetion Q 3 x L {x,v,f,) is measurable; 

{ii) for a.a. x e Q the funetion x 9 (f,^) t—> L {x,v,f,) is continuous, 

then for almost every x e Q, and for every {v,ff) e x 

(5.22) Lo (x, V, 0 = inf |£ L (x, v, ^ + Vip (y)) dy : <p e (V; R”^) 

Proof. The formula ()5.22p follows from Proposition 15.11 ■ 

Remark 5.2. Under the same assumptions of Theorem 15.31 and using Proposition 12.11 we also 
have 

Fq{u-, 0) = Jy {u;0) = I Lq {x,u (x) ,S/u (x)) dx 

Jo 

for all (u,0) G lUi’P(0;R”^) x 0(11). 

We can give an extension of lU^’^-quasiconvexity as follows. 

Definition 5.2. We say that a Borel measurable integrand L : H x R'^ x ^ [ 0 ,oo] is 

W^’P-quasiconvex if for every (x, u, ^) e H x R'^ x 

Lo[x,v,i) = L{x,v,i) . 



However, when the integrand is dependent on (x, v) this generalization of quasiconvexity is 
more difficult to handle. When the integrand L is Caratheodory the variables x and v can be 
frozen and we recover the classical concept of quasiconvexity. 


Proposition 5.1. If L is Caratheodory and satisfies p-growth (|5.1I) then for a.a. xeH and for 
every (u,^) e R”^ x we have 


(5.23) 


I- 


^o(a;,x,0 = inf ^ I L{x,v,^ + V(p{y))dy : (f \ . 


Proof. For each {x,v,f,) g H x R™ x we denote by L {x, v, f,) the right hand side 

of ()5.23l) . For each p g] 0, 1[ we define Ap, Lp : Q, x R™ x ^ [0, oo[ by 

Ap (x, V, C) := inf | {x + py,v + p {^y + if (y)) ,^ + V'if (y)) dy : 

V^G Wo'’” (y;R”^)|; 

Ap (x, v,^) := inf | {x + py,v + p (^y + p (y)) , ^ + (y)) dy : 

(^G Wo’^(y;R™) 


It is easy to see, by a change of variables, that for a.a. x g H and for every {v,f^) G R™ x 
we have 


(5.24) 


lirnLp(x,u,0 = Aq (x,u,C) 

p^O 
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It is enough to show that for a.a. x e Q, for every (f,^) e x and every p e]0,1[ it 

hold 


(5.25) {x, V, C) = lini Ap {x, v, () 

p^O 

(5.26) Ap{x,v,^) = Lp{x,v,^) . 

Indeed, combining ()5.24p . ()5.25p and (I5.26p we obtain (I5.23h . 

Proof of (I5.25P . Let <5 > 0. By Scorza-Dragoni theorem, there exists a compact set Ks c Y 
such that X{Y\Ks)<6 and is continuous. Fix {x,v,f,) e Qx M™' x such 

that 

(5.27) a(x) = iim Y a(v] dv = iim | a (x + pv) dy <co. 


{x) = lim -f a (y) dy = lim a{x + py) dy 

P^^jQpix) P^Ojy 


We show hrst that limp^o (^c, u, ^) ^ {x,v^f,)■ Note that 

(x, v,f,) ^ L (x, v,f,) ^ f3 {a (x) + |u|^ + |^|^) < oo. 
Let £>0. There exists if s Wq’^ (y;M"*) such that 


(5.28) 


j^L{x,v,f. + A/if {ij))dy ^ e + Q'^^L{x,v,€) ■ 


Fix p e]0,1[. Set d piv) ■= L {x + py,v + P i^V + if iv)) , ^ + (y)) and go (y) := L (x, v,C + Vif (y)) 

for all ye Y. Using (|5.28p we have 


(5.29) Ap(x,u,C)^r gp{y)dy+\ gp{y)dy 

JKs JY\Ks 

9p (y) - 90 (y) dy+\ gp (y) - go (y) dy 
Jk, Jy\k, 


90 {y) dy 

M \9p{y) - 9o[y)\dy + \ \9p{y) - 9o[y)\ 

JKs JY\Ks 


dy 


+ e + {x,v,f,) 


By using the p-growth m it easy to see that there exists C depending on j3 and p only such 
that 

(5.30) max{yo {y),9p{y)} ^ C'(a(x + py) + \vf' + + |V’(y) ^ + |VV'(y) D a.e. in Y. 

By continuity of L[^^x(R"*xM"*xd) we have gp (y) — go (y) ^ 0 a.e. in Ks as p ^ 0. Using the 
domination (j5.30p we obtain by applying the Lebesgue dominated convergence theorem 

(5.31) lini r \gp{y) - go{y)\dy = Q. 

P^O JKs 

By (15.301) we have 

(5.32) 


\9p{.y) - 9o{.y)\dy 

JY\Ks 

r a{x + py)dy + 6 (a (x) + \v\^ + + 

JY\Ks 


>Y\Ks 

^ 2C 


IIS, 


livv^lli 


Note that {U 9 y >—> n (® + py)}ps]o,i[ is uniformly integrable since (I5.27p . So, taking the 
supremum over p and passing to the limit <5 J, 0 in (|5.32p we find that 


(5.33) 


lim sup |yp (y) - go (y) | dy = 0 . 

"10 p£]0,l[ 
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Taking (I5.3ip and (I5.33P into account in (|5.29l) we find 

lim Ap (x, v,^) ^ e + {x, v, . 

p^O 

Now, we want to show that linip ,n Ap {x, v, ^ (x, v,^). Consider a sequence {pn}nen 

]0,1[ such that 

lim Ap (x, V, I) = lim Ap„ (x, v,^) ^ /3 (a (x) + |u|^ + |^|^) < oo 
p^o 


since p-growth conditions (|5.1h . Fix n e N. We can choose ijjn £ VFq^’°° {Y ; M™) such that 

9n (y) dy^pn + Ap„ {x, V, 0 

where pn {y) := L (x + v + pn (?y + ^pp„ {y)),C + VV’p^ (y)) for all yeY. Since p-coercivity, 
we can choose a subsequence (not relabelled) such that 

(5.34) V’n-V’oo in TP (y;M”*); 

(5.35) VV’n — ViAqo in LP (^F; . 

Fix 5 >0 and choose a compact set Ks ^ Y such that X{Y\Ks) < 6 and TLx 5 x(]R'"xM"*x'') is 
continuous. We have by Eisen convergence theorem [Eis79[ p. 75] that 

(5.36) Qn (y) — L{x,v,^ + S/ijjn (y)) ^ 0 in measure in Ks- 
We have 

gniy)dy>\ gn{y) - L{x,v,^+ V'ipniy))dy 
JY JKs 

+ f 9 n{y)- L (x, v,^ + \/ipn (y)) dy + (x, v, 0 . 

Jy\Ks 

Using growth conditions we have for a.a. y ^Y 

(5.37) |ff„(y)-T(x,u,^ +VV’n(y))| 

^ 2C [a (x + pny) + a (x) + jxjP + j^jP + \i)n (y) ? + | V'i/’n (y) D . 

By taking (I5.36E (15.371) . (15.341) and (|5.35p into account we have 


lim | 5 r„(y)-T(x,'(;,^ +VV'n(y))|dy = 0 
Jk, 


JKs 

since Vitali convergence theorem. Using (15.371) and reasoning similarly as in the first part of 
the proof we have 

lim sup \9niy) -L{x,v,^ + V'ijjn iy))\ dy = 0. 

nsN JY\Ks 


It follows that 


lim Ap (x, V, = lim Ap^ (x, v, ^ lim 

p—>0 n^oo n^cc 


9n (y) ' 


d2/^Qd-L(x,x,e). 


Proof of (|5.26p . Fix (x, v,f,) e Q x M"* x and p g] 0, 1[. We only need to prove that 

(5.38) Tp(x,x,C) ^ Ap(x,u,0 • 

Let e>0. There exists e {Y ;M™) such that 


T, 


(x, V,f,) + £ > j^L{x + py,V + P {^y + (Pe{y)),f.+ X/Pe (y)) 


dy. 
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There exists a sequence {V'nlnsN (T; M™) such that V’n ^ in (T; M™), V'n ^ 

a.e. in Y and V'i/’n —*■ n.e. in T as n ^ oo. Using growth conditions we have for some C 
depending on /3 and p only, for a.a. y ^ Y and for all n e N 

L{x + py,v + p {^y + ijjn (y)) , C + VV’n (y)) 

^C{a{x + py) + \v\P + iCr + IV'n (y) r + I Wn (y) D • 

Since L is Caratheodory we have 

lim L{x + py,v + p {^y + (y)) , C (y)) 

rx^oo 

= L (x + py, u + p (Cy + <Pe (y)) , C + Vpe (y)) a.e. in T. 

Applying Vitali convergence theorem we obtain 

Ap (a;, ^ lim T (x + py, u + p (^y + V'n (y)), C + VV’n (y)) dy 

n —»-00 Jy 

= A(x + py,u + p(Cy + <P£ (y)) (y)) dy 

^ Up (x,u,0 +£• 

Letting e ^ 0 we finally obtain (|5.38l) . ■ 


6. Appendix 

6.1. Usage of Vitali covering theorem. Let A c O e O (U) be a set which is not necessarily 
measurable. For each x e A we consider a family of closed balls Kx containing x of O satisfying 
inf {diam (Q) : Q e Kx] = 0 and A c UQg^ Q with /C := ^xeA K-x- We say that /C is a hne cover 
of A. 

Then there exists a countable pairwise disjointed family of balls K. such that 

5q,)^o, 

It follows that for any p e 21^(0), i.e. p « A[o) we have p(A\uj^iQi) = 0. Moreover, if 
A (A) <00 then for any (5>0 we can choose a finite subfamily 1C satisfying 

" (Ai 

6.2. Level sets of derivative of set functions. Let G : Qo (U) -^] — oo,oo] be a set function. 
Let O e 0(U). For each h e M we consider the strict sublevel (resp. superlevel) of the lower 
(resp. upper) derivative of G 

Sh := {x e O : D.\G (x) < h} ^resp. := [x e O : DxG (x) > 

The following lemma give consequences of sublevel (resp. superlevel) sets of derivative of set 
functions. 

Lemma 6.1. Let /i e M and p>0. Then 

(i) there exists a countable pairwise disjointed family {Qi}iei cz (O) such that 

(6.1) A^S'/i\ u^Qi^ =0, \/i e I G (Qj) </iA (Qj) and diam (Qj) e]0, p[ 

(resp. A^£'^\u^Qi^ =0, Mi si G{Qi)>hX{Qi) and diam (Q,) ejO, p[J; 


Qi < A 
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{ii) for every (5>0 there exists a finite pairwise disjointed family {QijiE/ c (O) such that 
A <(5, Vie/ G(Qi)</iA(Qi) and diam (Q*) g]0, 7/[ 


(resp. A^o \u^QiJ<5, Mi el G (Qj) >/iA (Qj) and diam (Qj) e]0, 

Proof. Let h e M. and ?? > 0. We only give the proof for Sh, since similar arguments apply for 
S^. Note that (ii) is a direct consequence of (i) so, we only show (i) 


li X e Sh then for some e > 0 


Mp e]0, p[ inf 1: Q e (O) | < h - e 


where (O) := {Q : x e Q e Qo (O) and diam (Q) ^ p}. For each p e]0,7/[ there exists Q, 
‘^x,p (O) such that 


fC,p 


( 6 . 2 ) 


G (Qx,p) 

(Qx,p) 


— e ^ inf 


g(Q) 

A(Q) 


{0)\<h-e. 


Consider the family := {Q,x,p} pe] 0 r;[ closed cubes such that ()6.2h holds. The family 
JCrj is a fine cover of Sh, i.e., 

Sh ez u Q and Mx e Sh inf {diam (Q) : Q e lCn,x} = 0 
Qs/C,, 

where ■= {Qa;,p}pg]o r;[ Vitali covering theorem we conclude (16.11) . ■ 

6.3. Proof of Lemma 13.11 Fix c e M. We have to prove that 

Me := {x s O : D.\G (x) ^ c} 


is measurable. Fix p>0. Set h := c + p. By Lemma l6.ll (f) there exists a countable pairwise 
disjointed family {Qi}iei cz (O) such that 

Ar5/i\ u^Qij =0, Vied G(Qi)<hA(Qi) and diam(Qj) e]0,r/[. 


Since Sh zd Me we have 


A ( MA.U Qi ) = 0. 


If we show that the Borel set Q°° := Ujg/ Qi cz then Me will be the reunion of a Borel set 
and a A-negligible set and so measurable since A is complete. Let z e Q°°. Then there exists 
iz ^ I such that 2 ; e . It follows that 


inf 


g(Q) 

A(Q) 


■. z e (Mis Qo{0) , diam (Q) ^ pi ^ 


g(Q^J 

A(Q*J 


^ c + p. 


Passing to the limit t/ —> 0 we obtain I^\G{z) ^ c which means that z s Me- The proof is 
complete. ■ 

6.4. Properties of the family of set functions {m^ (n; {je. 

Lemma 6.2. Let {u,0) s x 0{Pt). Then the family me{u;-) : 

O (O) —> [0, 00 ] satisfies 

(i) for every e> 0 and every {U, V) s O (O) x O (O) 

U r^V = 0 me [u] U s> V) ^ me {u; U) + me (tt; V) ; 

{ii) for every e > 0, every U,V s O (O) with U ^ V 

X {V\U) = 0 ^ me {u- U) = me (n; P) ; 
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{in) in particular, for every U e O (O) and V e O {O) satisfying U ^ V we have for every 
£>0 

A {du) = 0 TOe [u] V) ^ TOe [u] U) + TTle {u] V\U) . 

Proof. We recall that for A e O (O) we have 

Wq’P {A] M”^) = {ue (0;M”") : w = 0 in n\A} . 

If U,V e O (O) satisfy U nV = 0 then for every ipi e LP (0; R™) with i e {0,1,2} we have 
cpi e wl'P {U]W^) and ip 2 e Wq’P (y;R"*) ^ ipilu + e Wq’P {U u y;R™). 

Let £>0. To verifyit suffices to write for every (pi e Wq’P {U ;R™) and (p 2 ^ 

Fe {u + U) + Fe{u + ip2\V) = Fe{u + (pilu + U uV) 

^ (u; U vjV) , 

taking the infimum over Lpi and (/?2 we obtain 

TOe {u\ U) + rUfr {u] V) ^ TOe (u; U yj V) . 


Consider U,V e O (O) satisfying U ^ V and A {V\U) = 0. Since U V we have 
VLq^’^ (f7;R™') c Wg^’^(C;R"*), thus m^{u]U) ^ me{u]V). Assume that m,r{u-,V) < oo. For 
every 77 > 0 there exists ip e (V; R™) such that (X) > mir (u; V) + r/ ^ F^ (u + p; V). By using 
|(C 2 )| we have 

TOe (u; V) + 7] ^ Fe (u + p; V) = Fe {u + plu] u) + (u + p] V\U) 

^ me (u; U) . 


Note that pfiu = p a.e. in V and so plu e VFq^’^ (f7;R™'). Therefore (ii) is satished. 

To prove [(lii)] it is sufficient to use the properties (ii) (i) together with the fact that we can 
write V\ {U u {V\U)) = dU for all U,V e O (O) satisfying U ^ V. ■ 
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